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Abstract
We describe a ternary function (multiplication) σ :S12 ×S12 ×S12 → S4 from the product of three 12-point crowns into a 4-point
crown in the category of partially ordered sets. The ternary map illustrates a version, in the context of posets, of associative
multiplication. A higher order analogue of Hopf’s construction applied to σ yields a poset model of a certain homotopy class,
which we identify, in π5(S3).
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1. Introduction
Using a correspondence due to P.S. Alexandroff [1], M. McCord [6] proved that any finite simplicial complex
is weak homotopy equivalent to a finite T0-space and any finite T0-space is weak homotopy equivalent to a finite
simplicial complex. Furthermore, a finite T0-space is the same as a finite set with a partial order, i.e. a finite poset. The
current paper is a contribution to a program of finding poset models for certain maps which are important in homotopy
theory. Here we construct a model of the generator g of the group π5(S3). (In the book of Toda [7, Proposition 5.3],
g is the element denoted η23 and the group is isomorphic to the stable homotopy group of the 2-stem, i.e. the integers
modulo 2.)
The methodology and organisation of the paper is as follows. A crown is a poset model of the circle S1. In the
remainder of Section 1 we present a (binary) multiplication of crowns as an alternative to the multiplication given
in [4]. This new multiplication is key to understanding how to construct a ternary multiplication of posets. In the
process we clarify notation and conventions regarding pairings of posets. The next step is to find a poset model for the
ternary multiplication
μ :S1 × S1 × S1 → S1,
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ternary multiplication
σ :S12 × S12 × S12 → S4,
where S12 is the 12-point crown and
S4 =
2 4
1 3
, S6 =
2 4 6
1 3 5
, etc.
We shall see that the ternary multiplication σ has a property which in terms of posets is the analogue of associativity.
In Section 3 we define a second order Hopf construction H for ternary functions of spaces and we derive its relevant
properties. Section 4 presents the analogue of the second order Hopf construction in the category of posets, and we
show that H(σ) is our desired model of g = H(μ).
For the remainder of this section we focus on pairings of crowns. The integer notation used here for the points of
crowns has the advantage that the partial order is easy to describe. If integers m and n are adjacent then m n if and
only if m is odd and n is even. Note that we need to regard the least and the greatest integer also as adjacent.
In an earlier paper [4] it was shown that there is an order-preserving map
v :S8 × S8 → S4 (1.1)
given by the table
(1.2)
To check the order-preservation of v, we have to verify the following.
(1.2a) A move one place to the right changes the parity of an entry only if there is a similar change of parity of the
column entries.
(1.2b) A move one place lower changes the parity of the entry only if there is a similar change of parity of the row
entries.
It may be observed that v is commutative. It does not make sense to ask if v is associative unless we regard S4 as a
subset of S8 (it is not a subposet). If we do so then it is easy to check that the property fails.
The element 1 certainly does not behave as a strict identity element for the multiplication, nevertheless we can
regard it as a left and right homotopy identity: observe that the top row of the table defines a map S8 → S4 of degree 1
(and hence a weak homotopy equivalence), since it winds the 8-point circle just once around S4. A similar remark
applies to the left column.
One may check from the table that the multiplication v is looplike in the sense that the equation
v(x, a) = b (b ∈ S4, a ∈ S8)
always has at least one solution x ∈ S8.
The pattern of values exhibited in the table is rather rigid and it was thought until recently that there were no
multiplications from S8 to S4 other than those obtained from table (1.2) through symmetries of S8 and S4. The
following example shows that this is not the case.
(1.3)
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multiplication with 1) are also of degree 1.
2. Ternary multiplication of crowns
One certainly expects that the multiplication v will prove to be homotopy associative in some sense, but the question
is to determine precisely what sense. In view of the role that weak homotopy equivalence has played in finding an
interpretation of the identity property, one might expect that it will be involved here too.
One possibility is to enquire whether there exists an order-preserving ternary function of the form
θ :S8 × S8 × S8 → S4 (2.1)
bearing some appropriate relation to v. For example, is there some such function from which one can recover v by
restricting to a pair of axes?
It is not so easy to answer this question unless one keeps in mind the following consideration. Note that the map
v restricted to the diagonal in S8 × S8 necessarily yields the degree two map S8 → S4. It follows that the restriction
of the desired ternary multiplication θ to the diagonal in S8 × S8 × S8 should yield a map of degree three S8 → S4.
However, there can be no such map since S4 has 4 points and one would need at least a 12-point circle to wind three
times around S4. It follows that in searching for an appropriate ternary function we shall have to consider maps of
type
σ :S12 × S12 × S12 → S4. (2.2)
Indeed we shall prove the following.
Theorem 2.1. There exists an order-preserving function σ as in (2.2). On the three double axes σ restricts to the same
multiplication u :S12 × S12 → S4. The axial maps of u are of degree 1, u is commutative and looplike.
Proof. The proof is by specification of the function σ by means of a cubical table. The base of the cube is a 12 × 12
table expressing the values of u and also of σ when the third variable is set at 1. The entries at the kth level of the
cube correspond to values of σ when the third variable is set at k. In the tables the first variable is the row number and
the second variable the column number. 
The continuity of the assignment can of course be checked by considerations of parity as in the previous examples.
This is perhaps most easily done on a spreadsheet. However, the check can be done without mechanical assistance.
For example, let us check the condition (1.2a) for the first row of the table k = 1. In this row we see that the entry
remains constant at 1 until we move to column 10 and the entry changes to 2. Note that 10 ≡ 2 (mod) 4. This is a
general feature of the construction.
Proposition 2.2. In any row of the table an entry changes to i, where 1 i  4 only if the column number n, where
the change occurs is such that n ≡ i (mod) 4.
We recommend that the reader verify Proposition 2.2 (for the table k = 1) by direct observation. Recalling the
earlier remark that 1 and 12 are adjacent points of S12, it should be noted that we interpret the proposition as applying
also to the entry at column 1. In consequence the first and last entries in any row can only be different if the last entry
is 4 and the first is 1.
Having checked (1.2a) for the table k = 1, we note that table k = 1, regarded as a matrix, is symmetric. It follows
that (1.2b) also holds.
Continuing the proof of Theorem 2.1, we next argue that Proposition 2.2 holds also for the tables k > 1 in view of
the following result.
Proposition 2.3. Let σ(m,n, k) denote the entry in row m and column n of table k. If σ(m,n, k) = σ(m,n, k − 1)
then σ(m,n, k) ≡ k (mod) 4.
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one may check that the only ‘new’ entries in table k = 2 are of the value 2, continuing in this way but remembering
that we also have to compare table k = 12 with table k = 1. However, we must note that in the process a change is
not made whenever it is possible, only when continuity is not destroyed in the process. In that case it follows that
continuity is indeed preserved.
The remaining assertion of Theorem 2.1 concerns the restriction to the double axes. In view of the symmetry of the
tables we need consider only two of the restrictions. Then we need only check that the first column of the kth table
coincides with the kth column of the table k = 1 (1 k  12).
We include a display of the tables.
3. The class η23 in π5(S
3)
In [4], a poset version of Hopf’s construction was applied to the pairing S8 × S8 → S4 described there to find
a poset model of Hopf’s celebrated map S3 → S2. A similar construction will be applied to the multiplication σ to
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reader is referred to Dieudonné [2].
We recall that a notion of non-Hausdorff join X  Y of posets X and Y was defined in [5], satisfying
∣∣K(X  Y )∣∣ ≈ |KX| ∗ |KY |, (3.1)
where |K(−)| refers to the geometric realisation of Alexandroff’s functor from posets to simplicial complexes and
∗ to the classical join construction. To define X  Y , the authors of [5] utilised a more general construction defined
previously in [4] called the non-Hausdorff double mapping cylinder M(f1, f2). (Essentially one modifies the usual
definition of the double mapping cylinder, replacing the unit interval I by the 3-point poset 0 ← 1/2 → 1.) The
construction can be applied to any pair of surjective maps of finite posets and it is functorial. Given a commutative
diagram
B1
g1
A
f1
g
f2
B2
g2
B ′1 A′f ′1 f ′2
B ′2
(3.2)
in which the horizontal maps are surjective, the construction yields a poset map
M(f1, f2) → M(f ′1, f ′2).
In particular the non-Hausdorff form of Hopf’s construction is a special case of the functoriality. For example, when
applied to the diagram
S12 S12 × S12π1
u
π2
S12
∗ S4 ∗
(3.3)
associated with the multiplication u as in Theorem 2.1, it yields a map S12  S12 → SS4 which is a model of Hopf’s
class in π3(S2) (cf. [4, Lemma 2.1]). Here SS4 refers to the non-Hausdorff suspension of S4 obtained by adding two
extra points, each above every point of S4.
It is appropriate to apply a higher order form of Hopf’s construction to the function σ obtained in Theorem 2.1. To
achieve this we replace the double mapping cylinder by the mapping 2-simplex of a 3-corner.
This may sound complicated but in fact only two special cases of the mapping simplex construction are involved.
We consider them separately in Top and later in FPos (the category of finite posets). (For further details and results
concerning the mapping 2-simplex, the reader is referred to [3].) The first is a diagram of form
X × Y × Z Y × Z
X × Z Z
X × Y Y
X X ∗ Y ∗ Z
(3.4)
in which the solid arrows denote projections and the object constructed as sink (the mapping simplex) is the classical
join of X, Y and Z.
The second is
T ∗
∗ ∗
∗ ∗
∗ (Σ2T )
(3.5)
where we use ∗ to denote a singleton space, and the mapping simplex constructed is equivalent to the double unreduced
suspension of T .
If we delete from the diagrams (3.4) and (3.5) the sink objects we obtain the associated 3-corner diagrams.
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of (3.4) to the 3-corner of (3.5). Accordingly this induces a morphism (map) of mapping simplexes.
hXYZ :X ∗ Y ∗ Z → Σ2(X × Y × Z), (3.6)
which we define to be the (universal example for the) second order Hopf construction. Indeed if we have a map
f :X × Y × Z → W , we define the second order Hopf construction of f to be the homotopy class
H(f ) = (Σ2f )∗{hXYZ} ∈ π
(
X ∗ Y ∗ Z,Σ2W ). (3.7)
By way of example, we shall determine the class in the case X = Y = Z = W = S1 and in which f is the ternary
multiplication μ = S1 ×S1 ×S1 → S1 obtained by iterating m, the usual multiplication on the unit circle S1. We have
Theorem 3.1. In Top, h2(μ) = η23 ∈ π5(S3).
Before proceeding to the proof we give details of the construction of the mapping simplexes required for (3.5)
and (3.4).
The construction of (3.5) begins with the product T × Δ of the corner object T and a 2-simplex Δ. The boundary
of Δ is denoted by Δ◦ and the mapping simplex is defined to be (T × Δ + Δ◦)/∼, where
(x,λ) ∼ λ (x ∈ T , λ ∈ Δ◦).
We may visualise it as in the sketch
. .
.
T × Δ (3.8)
where the dots are intended to indicate points on the boundary of Δ. We claim that the mapping simplex is homeomor-
phic to the double unreduced suspension of T . To check this, note that the double mapping cylinder of a pair of maps
to singleton spaces T → P , T → Q coincides with (a single) unreduced suspension of T . Then we can recognise the
space
.
T ×
.
. .
as ΣΣT . However this space clearly is homeomorphic to the space sketched in (3.8). The threefold symmetry of (3.8)
derives from a symmetry of (3.5), the reader should have in mind that we are considering only a special case of a more
general construction.
In the case of the triple join (3.4) we need to consider linear retractions ri :Δ → I of the simplex Δ on to the face
opposite the ith vertex, (1 i  3). Then the mapping simplex is defined to be the quotient
(X × Y × Z + X × Y + X × Z + Y × Z + X + Y + Z) × Δ/∼,
where
(x, y, z, r1λ) ∼ (x, y,λ), (x, y, z, r2λ) ∼ (x, z, λ), (x, y, z, r3λ) ∼ (y, z, λ),
(x, y, z, r2r1λ) ∼ (z, λ), (x, y, z, r3r1λ) ∼ (y,λ), (x, y, z, r3r2λ) ∼ (x,λ).
Proof of Theorem 3.1. The multiplication μ admits the factorisation
S1 × S1 × S1 m×S1−→ S1 × S1 m−→ S1. (3.9)
However, the construction (Σ2T ) in (3.4) is functorial in Top. In particular, applied to the 3-corner diagram induced
by the right-hand factor of (3.9) it yields the morphism Σ2(m) :Σ2(S1 × S1) → Σ2S1, which is equivalent to a map
S4 ∨ S3 ∨ S3 → S3. Restricting to the top-dimensional sphere, we recover a representative of η3.
Similarly applied to the diagram induced by the first factor we obtain a map
S5 ∨ S4 ∨ S4 ∨ S4 ∨ S3 ∨ S3 ∨ S3 → S4 ∨ S3 ∨ S3.
The restriction to the 5-sphere is a suspension class, effectively the first factor induces the map m ∗ S1 : (S1 × S1) ∗
S1 → S1 ∗ S1, and so has no non-zero Whitehead product component. The desired result follows. 
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The basic idea is to consider a non-Hausdorff ‘unit interval’ in the form of the poset I = I ′′ = 0 ← 1/2 → 1 and a
corresponding ‘2-simplex’
Δ′′ =
.
. .
.
. . .
Then we may contemplate for posets T , X, Y and Z non-Hausdorff versions of the mapping simplexes considered in
the previous section. Thus (3.8) becomes
(Σ ′′)T =
.
. .
T
. . .
(4.1)
where it is understood that points of the central subposet T lie above all others in the partial order and (Σ ′′) refers to
a non-Hausdorff version of the double suspension. Similarly, for the non-Hausdorff triple join we have
X  Y  Z =
X
X × Z X × Y
X × Y × Z
Z Y × Z Y
(4.2)
In (4.2), the arrows between subposets have to be interpreted in the following sense. Note the direction of each arrow
coincides with that of a product projection. Then we understand that each point in the image of a projection is above
or equal to each preimage.
Given an order-preserving function m :X × Y ×Z → T , we obtain a non-Hausdorff Hopf construction map of the
form
X  Y  Z → (Σ ′′)T .
Applied to the function σ :S12 × S12 × S12 → S4, the construction yields a model
H(σ) :S12  S12  S12 → S2S4. (4.3)
Since the non-Hausdorff form of the higher Hopf construction obtained is compatible (via the functor |K−|) with the
higher Hopf construction in Top, we have:
Theorem 4.1. H(σ) is a finite model of the class η23 ∈ π5(S3).
Proof. Although the map (4.3) is clearly defined, it is not so straightforward to recognise (Σ ′′)T as the double non-
Hausdorff suspension of T . However, there is a map
.
• .
T
• • .
→
. .
T
. .
that identifies the points shown as bullets. The identification is a weak homotopy equivalence (it shrinks two
1-simplexes). The model in (4.3) composed with the weak equivalence can be seen to be compatible via |K−|. 
2080 K.A. Hardie, P.J. Witbooi / Topology and its Applications 154 (2007) 2073–2080References
[1] P.S. Alexandroff, Diskrete Räume, Matematiceskii Sbornik (N.S.) 2 (1937) 501–518.
[2] J. Dieudonné, A History of Algebraic and Differential Topology 1900–1960, Birkhäuser, Boston, 1989.
[3] K.A. Hardie, K.H. Kamps, P.J. Witbooi, A 2-groupoid characterisation of the cubical homotopy pushout, Appl. Categ. Structures 12 (2004)
245–255.
[4] K.A. Hardie, J.J.C. Vermeulen, P.J. Witbooi, A non-trivial pairing of finite T0-spaces, Topology Appl. 125 (2002) 533–542.
[5] K.A. Hardie, S. Salbany, J.J.C. Vermeulen, P.J. Witbooi, A non-Hausdorff quaternion multiplication, Theor. Comp. Sci. 305 (2003) 135–158.
[6] M.C. McCord, Singular homology groups and homotopy groups of finite topological spaces, Duke Math. J. 33 (1966) 465–474.
[7] H. Toda, Composition Methods in Homotopy Groups of Spheres, Annals of Mathematics Studies, Princeton University Press, Princeton, NJ,
1962.
